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CHAPTER I 
Introduction 
The study of flow over a plate with sVrface blowing or suction 
has become very important during recent years due to the increased 
interest in modifying the temperature or flow characteristics of the 
boundary layer. Many investigators have studied laminar and turbulent 
boundary layer flows over smooth surfaces; however, in practical ap­
plications, especially under high free stream velocity, the surface 
cannot be considered hydraulically smooth, and the fluid is turbulent 
rather than laminar. In this study, the numerical solution for turbu­
lent flow over a rough porous plate. with variable surface mass transfer 
is presented. 
An accurate calculation of the boundary layer for turbulent flow 
is much more difficult to obtain than for laminar flow. It is compli­
cated by the Reynolds shear stress term -pu'v' in the momentum equation, 
a term involving the time mean of the product of two fluctuation veloc­
ities u' and v', which have not been rigorously related to the mean 
velocity. Since the turbulent transport mechanism is not kn�wn, the 
solution to the tu.rbulent boun<lary layer equations requires empirical 
relations. Because of the complexity of these equation�, the method 
of solution is restricted to a numerical procedure or integral method 
for special types of flow. 
For a smooth surface, Smith et al. (1) developed an implicit 
2 
finite difference method to solve the incompressible turbulent boundary 
layer flow field. They used the numerical procedure introduced by 
Hartree and Womersley (2), which consists of replacing x derivatives 
by finite difference, while retaining they derivatives, so that the 
governing partial differential equation at the given x location becomes 
an ordinary differential equation. This can be solved by various inte­
gration techniques. Later, Smith and Cebeci (3) used this method to 
solve more general cases of turbulent flow problems; they used an eddy 
viscosity concept to eliminate the Reynolds shear stress term. More 
recently, Pletcher (4,5) successfully used an explicit finite differ­
ence method to treat the turbulent boundary layer. His method is simpler 
compared to that of Smith. For flow over smooth surfaces, both methods 
yield quite accurate results. 
In order to obtain a better understanding of the effect of rough­
ness on shear stress, Lumsdaine* initiated a project "Momentum Transfer 
for Flow Over a Rough Porous Material With Variable Surface Mass Trans­
fer". He first introduced the concept of combining the roughness 
factor with suction or injection in the van Driest damping factor. The 
purpose of his pr9ject is to find, using theoretical analysis, the 
v�locity profile and friction coeffici�nt for flow ove� a rough porous 
plate and to substantiate this analysis with experimental results. 
*Author' s major advisor. 
In the first part' of this research project (6), the phenomenon of 
the flow over a rough porous flat plate with surface mass transfer has 
been studied. But it has been restricted to the flow in the vicinity 
of a porous wall without pressure gradient. 
The method of solution to �he governing differential equations 
used here is the explicit finite difference method. The three-point 
finite difference form used is of the Dufort-Frankel type; ' this type 
3 
of finite difference method is one of the few unconditionally stable 
explicit methods known (7). The governing equations are first nondi­
mensionalized, and Prandtl's mixing length is used to eliminate the 
Reynolds shear stress -pu'v'. The damping factor proposed by van Driest 
(8) is included in the mixing length; this factor is modified by adding 
another term to take the effect of roughness on the turbulence near 
the wall into account. 
CHAPTER II 
Analysis 
A. Governing Equation� 
The problem of turbulent flow over a rough porous plate is es­
sentially a turbulent boundary layer problem and the flow will be 
restricted to high Reynolds numbers, so that the governing equations 
can be simplified from the Navier-Stokes equation to the boundary layer 
equation. The momentum and continuity equations are: 
Momentum u0u + J2u + l dP = l oT 
a x a y \> dx � o y 
C t. . t oU + oV O on inui y ox oy = 
The basic notation and scheme of coordinates are shown in 
Figure 1. 
The appropriate boundary conditions are: 
For a 11 x, y -+ c.o : u = U O ( x) , v = 0 
The total shear stress T is defined as 
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Figure 1. Sketch of boundary layer on a flat plate. 
<J1 
B. Mixing Length Distribution 
In the neighborhood of the wall of a smooth plate, we shall assume 
proportionality between mixing length and wall distance, that is, 
1 = ky (2-6) 
Van Driest (8) introduced a damping factor 1 - exp (- yt-/A) to take 
into account the effect of kinematic viscosity on the turbulence near 
the wall. Therefore, regardless of the roughness, the mixing length 
distribution in the vicinity of the wall is 
1 = k � - exp (- yt-/A)Jy (2-7) 
where k denotes a universal constant which is deduced from experimental 
data and has a value of 0. 42 approximately. The value of A is 26 for 
the case of no surface mass transfer (6). The factor A can be repre­
sented approximately by 
A= 26-25 v * for the injection case w 
. .  
A= 26-200 v * for the suction case w 
6 
Maise and McDonald (9) have analyzed the mixing length distribution 
in their paper� They pointed out that the effects of Reynolds number and 
Mach number to the mixing length are very small. For instance, for a 
change of Mach number from O to 5, the corresponding mixing length in­
creased only by 7 per cent; increasing the Reynolds number Re0 from 10
3 
to 105 reduces the mixing length at most by 6 per- cent: This information 
• reveals that we can establish a typical mixing length distribution for 
the momentum equation. Figure 2 shows the mixing length for either the 
compressible or i�compressible case for flow velocities less than Mach 












- REFERENCE 9 
--- Used in (2-9) 
0---------------------'
· 
0.2 0.4 0.6 0.8 
DISTANCE FROM WALL, y/0 
1. 0 
Figure 2. Mixing length distribution in boundary layer. 
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Figure.3. Variable finite-difference grid. 
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So far, the roughness factor has not been mentioned. Roughness is 
considered a vortex generator, where the vortex generation should grow 
with the size of the roughness. A disturbance constant D = 60 was 
introduced by Driest (10). The damping factor should then be modified 
to 
1 - exp(- yi-/A) + exp(- yi-D/AE*) (2-8) 
if roughness is considered and where E* is the factor of roughness. 
Because the roughness is considered as a vortex generator, the term 
exp (- y*/A) should decrease its effect on the flow. The term 
exp(- y*D/AE*) is introduced to counterbalance the factor exp(- y*/A). 
As the vortex generation should grow with the size of roughness, the 
roughness damping factor or roughing factor is increased with increas­
ing roughness E*� until the roughness is equal to the disturbance 
factor, and the flow becomes fully turbulent. 
With the roughness damping factor, and according to the mixing 
length distribution on Figure 2, the following formulae· (2-9) are used 
for solving the momentum �quation: 
1/h = 0.42 (1 - exp(- y*/A) + exp(- y*D/AE*)) (y/�) 
for :y/J <: O. 1 
1/cS = o_.42 ( 1 - exp(- y*/A) + exp(- y*D/AE*)) (y/6) 
L535(y/a 
- 1.884 ( y/cS - o. 1 ) 4 
1/� = 0. 089 
for O. 1 s y/!, ::_ 0. 6 
for 0. 6 ,::: y/fJ 
(2-9) 
Note that without considering the roughness, the damping factor in 
Equation (2-9) represents the curve in Figure 2. 
The above formulae regard the turbulent boundary layer as a com­
posite layer and characterize it by an inner and outer region. The 
existence of two regions is due to the different response to the shear 
and pressure gradient by the fluid near the wall. The inner region, 
. whose thickness is approximately 0. 1 to 0. 2 of the boundary layer 
thickness, depends primarily on the wall shear stress and fluid vis­
cosity. It can be shown that the mixing length in this region varies 
almost linearly with distance. In the case of a smooth wall, the inner 
region contains a layer, commonly called the laminar sublayer, adjacent 
to the wall, where the flow is primarily viscous and the mean velocity 
increases linearly with distance from the wall. The thickness of this 
layer is of the order of 0. 00 1  to 0. 01 of the boundary layer thickness. 
But experiments show this sublayer does not exist in a turbulent flow 
with surface roughness. At approximately y/0 > 0. 6, the curve is a 
constant with_ 1/o = 0. 089. For values of y/0 > 0.8, the curve starts 
to decrease. However, equation (2-9) does not take this decrease into 
account (see Figure 2). 
9 
Prandtl's mixing length theory (10) indicates that the Reynolds 
shear stress is proportional to the square of the mixing length, that is, 
(2-10) 
This mixing length distribution will be used in (2-10) ·to eliminate 
the Reynolds shear. stress -p� of (2-1). 
10 
C. Nondimensionalization 
In order to nondimensionalize the governing equations, an arbitrary 
velocity can be used as a reference velocity, but in general, the 
friction velocity is introduced as a reference velocity. A dimension­
less group is defined for convenience as: 
l* =fr; l 
Jp '¥ 
Bernoulli's equation indicates the following relation: 
(2-11) 
(2-12) 
With the dimensionless groups and (2-12), the governing equation and 
boundary conditions can be transformed to: 
ou* + ov* = 
ox* oy* 
For x* > O, 






0 u* = o, v* = v* (x*) w (2-15) 
u* = Ut ( x), v* = 0 
CHAPTER III 
Method of Solution 
A. Two Point Finite Difference Method 
The method of solution presented here follows that of Pletcher (4) •. 
Two-point forward and backward finite-difference schemes are used 
to start solving the problems. Assume that il x and b. y are ·sma 11 incre­
ments of the coordinates X and Y, where ux and �y are not necessarily 
constant along their coordinates. The finite difference grid is shown 
in Figure 3. If b.x and 6Y are very small, then the partial derivatives 
can be represented by the following finite difference forms: 
-:::i U-+l - u. -2..1! - 1 . , 1 - 1, 1 
OX - tiX 
ou - Ui+l,j+l + Ui+l,j - ui,j+l - ui,j 
ox - �x 
-::i. V- ·+l - V- · £.Y_ l,J l,J 
oy - oY 








Equations (3-1), (3-3) should be used for the momentum equation, and 
equations (3-2) , �3-4) for the continuity equation. In the turbulent 
boundary layer, the velocity profile u varies quite rapidly near the wall, 
and a very fine increment 6Y must be taken in order to maintain computing 
accuracy. On the other hand, in the outer region of the boundary, where 
larger increment can be used to accelerate the computing speed. For 
this reason, the following grid spacings are used in this study: 
12 
�y*= 1 0< y*.::: 4 
6y* = 2 4 < y* _::: 14 
ilT' = 4 14 < r.::: 78 
�y*= 10 78 < y* � 168 (3-5) 
6y* = 20 168 < r::;. 288 
6y* = 40 288 <_y* ::;_ 1048 
�y* = 100 1048 < y* � 15048 
The skin friction of laminar flow is.appreciably smaller than that of 
turbulent flow; this means au is smaller. Therefore, a longer step in 
ay 
the y direction can be taken without loss in accuracy. The velocity 
distribution for such flow varies much more uniformly than that of tur­
bulent flow. For this reason, in laminar case, variable grid spacing 
in the y direction is not necessary. 
Two notations are introduced to make a good fit of the variable 
grid spacing in the y direction. 
(3-6) 
(3-7) 







when the spacing changes. 
(3-8) 
Applying the above formulae to the momentum and continuity equa­
tions, we get 
ur, j ( ) v� . ( U* - U* +  U* - U* ) 
!). x* i + 1 , j i , j 6. ¥2. i , j i , j -1 
13 
(3-9) 
U* - U* ' . ·+1 . . 1,1 1,1 ( l
*. 2. + 1* ) 





- U* . 1 1,1-
il yt ·2 
} 






0, j  and v0, j at the leading edge of the flat plate 
are sufficient to start solving the problem. The value of u0 , 0 is zero, 
the values of u0, 1  to u0, j are equal to the freestream velocity U0• 
Although the governing equations indicate a discontinuity at the leading 
edge where x = O, y = O, which implies a singularity in the mathematical 
solution, the singularity vanishes automatically after the differential 
equations are replaced by difference equations. The velocity distribution 
at the i = 1 station can be calculated by employing (3-9) and (3-10) with 
256767 
�OUTH DAKOTA STATE UNIVERSITY LIBRA�Y. 
14 
the flow boundary conditions. The u1, j and v1, j values provide the 
necessary data for solving the velocities one more step downstream, that 
is u2, j and v2, j, and so forth. 
Theoretically, this method can be used to solve the whole boundary 
layer profile, but the two-point finite-difference formulation is not 
very stable unless the increment 6x is very small, which requires longer 
computing time. It is impractical as far as the computing time is con­
cerned. In order to solve the problem accurately and economically, 
another faster three-point procedure is needed after getting two columns 
of values of u and v velocities. 
B. Three-Point Finite Difference Method 
The Dufort-Frankel type of finite difference form is used to con­
tinue to solve the problem after two sets of values of uo, j' vo, j' 
u1 ., v1 . have been
.obtained by the previous method, which enables us 
,J ,J 
to use a wider spacing in the stream-wise direction. It is represented 
by the following form: 









After the application of the above equation and the similar formula 
for v in both the x and y dir�ctions, the momentum and continuity equa­
tions can be represented by the following two equations: 
U1<- . (U1<-+l . - UiE- l . ) l2J l 21 1- 21 
2hx* 
+ 
U*. (U* - U* ) 2 
{ 
(1*2 + 1�2.) 
= 01 oi+l oi- 1  + -.------ ( 1 + i,j+l 1,1 
2/lx* (u yt + u Y: 2 
u� ·+i - o.5 (u�+l . + u� 1 .) I) ( u� ·+i - 0. 5 (u�+l . 
+ u� 1 .)J 
I 1 , 
l 1 , 1 1 - , J 1 , 1 l. , J 1 - , 1 
ur+ Lir+ 
( 
0.5 (Uf +1, j 




- U1<- . 1 ]J 








If the velocities u and v at x = i·and x = i- 1  are known, equation 
(3-12) can be used to solve the u values at the ui+l columns; these values 
will be used in (3-13) to solve for the vi+l values. The IBM 360/30 
computer was used to solve equations (3-9), (3-10), (3-12), (3- 13) . 
C. Boundary Layer Thickness and Friction Coefficient 
16 
The boundary layer thickness is defined as the distance from the 
wall where the velocity differs by 1 per cent from the external velocity. 
The displacement and momentum thickness can be calculated after the 
velocity distribution in the boundary layer is known. 
The displacement thickness o1 is defined by the equation 
(3-14) 
which indicates the distance by which the external stream-lines are 
shifted owing to the formation of the boundary layer. 
or 
The momentum thickness 8 is defined as 
8 = f u ( 1 - J:L ) dy 
Jo Uo Uo 
The pressure gradient parameter S is defined as 
01 dP 
f3 = -r w dx · 




Both the Reynolds number Re and the momentum thickness Reynolds 
X 
number Re8 are used to express the similarity of flow. 
From Newton's law of friction, we have 
17 
(3-18) 
After obtaining the boundary layer velocity profile, du can be calculated; 
dy 
thus, the shear stress is obtained. 
CHAPTER IV 
Comparison of Calculated and Experimental Results 
In this study, a variety of incompressible turbulent flows are 
calculated by the present method, and comparisons with experimental 
data from other reports are made. They include the following cases: 
smooth plate, flat plate with blowing or suction and roughness, and 
equilibrium flows with a pressure gradient. 
The computer program of the present method has a capacity of 120 
points in the y direction. There is no restriction in the number of 
stations in the x direction. The present method of solution begins at 
the origin of the flow, i.e. , at the leading edge point, and proceeds 
downstream. The flat plate flow was calculated for several Reynolds 
numbers (Rex) ranging from 10
5 to 2 x 106, by assuming the following 
values for the flow parameters: 
� = 0.38 x 10-6 lbf - sec/ft2 
p = 0. 237 x 10- 2 lbf - sec2/ft4 
U0 = 1600 ft/ sec 
The value of U0 was selected merely as a matter of convenience (3) . 
Figure 4 shows a comparison of the local friction coefficients 
calculated by the present method with those calculated by the Prandtl­
Schl-ichting formula ( 10) 
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---- PRANDTL-SCHLICHTING FORMULA 












Both curves are plotted on log-log coordinates. The agreement between 
these two curves is quite good. From Figure 12 of Reference 3, one can 
find that the curve by this formula is about 0. 3 x 10-3 higher than the 
curves from Smith and Cole' s data as well as the curve by the present 
method. From this information, we assume that the values obtained by 
the Prandtl-Schlichting formula are a little bit higher than most 
present-day methods and also experimental results. 
Figure 5 shows a fairly good comparison for roughness. Since we 
find the Prandtl-Schlichting formula is a little too high, this figure 
shows that the damping factor used here is acceptable in slightly rough 
regions. 
Figure 6 shows the influence of the pressure gradient on the 
velocity profile. In this figure, it is obvious that the pressure 
gradient has no influence on the sublayer. The changed pressure grad­
ient does influence the velocity profile in the outer layer, but its 
effect is small compared to the effect of roughness and surface mass 
transfer. It is also seen from this figure that the solution obtained 
by King applies only near the surface (r < 50) and serves only as an 
approximation in the outer region. 
Figure 7 show$ a comparison of the universal dimensionless velocity 
for Re = 106 with the method of Smith (3) . His method to solve a tur­x 
bulent boundary layer over a smooth surface yields the same results, but 
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Figure 5. Comparison of calculated and experimental local friction coefficients for smooth 
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Figure 6. Comparison of dimensionless velocity profiles for pressure gradient case with non­
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Figure 7. Comparisgn of calculated dimensionless velocity profile with Smith's data for 




In Figure 8 comparisons are made between the present data and that 
from King (6) for several degrees of roughness. Again the agreement re­
mains quite good in the region near the wall, but away from the vicinity 
of the wall the present method should be used. 
Figure 9 shows that the roughness has a substantial influence on 
the velocity profile. The effect of blowing and suction for a constant 
roughness is shown in Figure 10. Blowing reduces the friction velocity, 
and suction has the opposite effect. 
In both blowing and suction cases, roughness will reduce the 
velocity U*. This is illustrated in Figures 11 to 13. Figures 14 to 
15 show some dimensionless velocity profiles calculated with the present 
method with a different pressure gradient, roughness and mass transfer. 
After the velocity profile in the boundary layer is obtained, the 
local skin-friction coefficient can be predicted by equation (3-17) . A 
comparison for a smooth plate with no pressure gradient and surface mass 
transfer has been made in Figure 4. In Figures 16 to 17 a comparison is 
made of the skin-friction coefficient for a smooth plate. The agreement 
between the present method and the experimental data for a smooth plate 
from Mickley and Davis data (ll) is excellent for low blowing rate as 
well as high blowing rate, which is due to the modification of the 
van Driest constant A for blowing and suction cases. The similar com­
parison using A= 26 for all cases was presented in Reference (4). The 
present calculation extends the similar results presented in Reference 4 
to include roughness. 
U* 
40 
I PRESENT METI-I0D 
---- KING'S DATA 
3T 
V * = 0, S = 0 w 
A E* = 0 
E* = 20 
E* = 40 
2+ 
- -� � /: 
10 
l 10 100 1000 
y* 
Figure 8. Comparison of dimensionless velocity profiles with King's Data for dimensionless 
roughness factor E* = 0, 20 and 40. 
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Figure 10 . Comparison of dimensionless velocity profiles for vw* = 0. 04 , 0. 02 , O, -0. 02 , 
a nd -0 .04 .  
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Dimens ionless veloc ity profiles for Vw* = 0. 03, B = 0. 4 and E* = O ,  30, 60. 
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Figure 12 . Dimensionless velocity profiles for vw* = 0 .02,  S = 0. 15 and E* = 0 ,  30 ,  60. 
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Figure 13. Dimensionless velocity profiles for vw* = -0. 04 ,  e =  0 . 05 and E* = 3 0 ,  60. 
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Figure 14 . Dimensionless velocity profiles for Vw* = 0 . 03, E* = O ,  20 and S = O ,  0.4. 
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Figure l6 o Comparison of friction coefficients for smooth plate 
with experimental data in blowing case . Also results 
of calculated friction coefficient for dimensionless 
roughness factor ·= 30 , 60 . 
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Figure 17. Comparison of friction coefficients for smooth plate with 
experimental data in blowing case ( vJu0 = 0 . 002 ) .  Also 
results of calculated friction coefficient for -dimension­





Figures 18  to 21  are calculated friction coefficients for suction 
and blowing cases with and without roughness. 
Figure 22 and 23 show the dimensionless velocity profiles and 
friction coefficients for flow with a variable surface mass transfer 
vw(x). Thus the function vw (x) was arbitrarily chosen to illustrate 
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Figure 18 . Results of calculated friction coefficients for dimen­
sionless roughness factor = O, 30, 60 with suction 
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Figure 19. Results of calculated friction coefficients for dimen­
sionless roughness factor = O, 30, 60 with surface 
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Comparison of friction coefficients for smooth plate with 
experimental data in high blowing case (vJU0 = 0 . 003) . 
Also results of friction coefficient for dimensionless 
roughness factor= 30, 60. 
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Figure 23. Results of calculated friction coefficient for variable 
surface mass transfer case . 
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CHAPTER V 
Summary and Recommendation 
A. Summary 
The mixing length theory is used to eliminate the Reynolds shear 
stress in the boundary layer equation for turbulent flow. A typical 
mixing length distribution is established for a rough surface in Chapter 
II. In Chapter I II, the whole boundary layer equation is solved by 
using finite dif ference techniques. The two-point finite difference 
method is used to begin solving the problem. After obtaining two 
columns of velocity profiles , the Dufort-Frankel method is applied 
instead of the two-point method, since this procedure will solve the 
problem more quickly. The results are examined in Chapter IV and show 
that the present method is acceptable in comparison with experimental 
data from published papers. 
� _Re�ommendation 
Present studies assume an incompressible fluid and flat plate flow. 
The study can be extended to the axisymmetric coordinates by using uR (x) 
and vR (x) instead of u and v in the continuity equation. The compres­
sibility effect also can be considered in the momentum equation in future 
studies. The damping factor used here is restricted to the small rough­
ness region. Anoth�r model of mixing length should be developed in 
order to consider a very rough plate. 
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